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Abstract 

The aim of this paper is to show that the dynamics of heat semigroups {p > 2) 
on a symmetric space of non-compact type is very different from the dynamics of the 
LP heat semigroups if 1 < p < 2. To see this, it is shown that certain shifts of the 
LP heat semigroups have a chaotic behavior if p > 2, and that such a behavior is not 
possible in the cases 1 < p < 2. These results arc compared with the corresponding 
situation for euclidean spaces and symmetric spaces of compact type, where such a 
behavior is not possible. 

Keywords: Symmetric spaces of non-compact type, L^ heat semigroup, spherical 
functions, Fourier inversion formula, chaotic semigroups. 



1 Introduction 

The aim of this paper is to show that the dynamics of heat semigroups {p > 2) on a 
symmetric space X of non-compact type is very different from the dynamics of the 
heat semigroup or, more generally, of the heat semigroups if 1 < p < 2. To see this, 
we prove that certain shifts of the heat semigroups {p > 2) have a chaotic behavior, 
whereas this is not true for any shift in the case or, more generally, in the case if 
l<p<2. 

The different dynamics of the heat semigroup and the heat semigroups is due to 
the geometry of the symmetric spaces of non-compact type, and it contrasts the fact that 
the corresponding heat semigroups on a euclidean space or on a symmetric space of 
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compact type do not have such a chaotic behavior. 

A related phenomenon is the p-dependence of the spectrum of a symmetric space of 
non-compact type X. While the LP spectrum of the Laplace operator on euclidean space 
equals [0,oo) for all p G [l,oo), the spectrum of the Laplace-Beltrami operator 
on X varies with p. 

Actually, this fact together with further information on eigenvalues of the Laplace- 
Beltrami operator on X will be used in the proof of the results indicated above. 
The first systematic study of chaotic semigroup started with the paper [13] by Desch, 
Schappacher, and Webb in 1997 after some papers treating the discrete case appeared, 
cf. for example [19, 20]. Further information could be found in [1, 2, 11, 12, 13, 22, 25]. 
Prom these papers we want to mention in particular the paper by Herzog [25] and the 
one by deLaubenfels, Emamirad, and Grosse-Erdmann [12] where the heat semigroup is 
studied in a different context. 

However, it seems that the theory of chaotic dynamical systems in the sense of Devaney 
as it is used in this paper has not been applied in 'geometric' settings up to now. 
Our main input from the papers cited above will be two abstract results contained in 
[13] and [2] which yield a sufficient condition for chaotic behavior. Further important 
tools from the realm of symmetric spaces that will be needed are the spherical Fourier 
transform and the corresponding inversion formula. 

Similar results as in the case of symmetric spaces of non-compact type are true for 
non-compact locally symmetric spaces with finite volume, cf. [26]. 



2 Preliminaries 



2.1 Heat semigroup on L'p spaces 

In this section M denotes an arbitrary complete Riemannian manifold. The Laplace- 
Beltrami operator Am ■= — div(grad) with domain C^{M) (the set of infinitely differ- 
entiable functions with compact support) is essentially self-adjoint and hence, its closure 
Am,2 is a self-adjoint operator on the Hilbert space L^^M). Since Am, 2 is positive, 
—Am, 2 generates a bounded analytic semigroup e~^^M,2 on L'^[M) which can be defined 
by the spectral theorem for unbounded self-adjoint operators. The semigroup q~*^m,2 
is a submarkovian semigroup (i.e., e~^^M,2 jg positive and a contraction on L°°{M) for 
any t > 0) and we therefore have the following: 

(1) The semigroup e"*^".^ leaves the set L^(M) n L°°{M) C L^(M) invariant and 
hence, e~^^^'''^\iif)ioo may be extended to a positive contraction semigroup Tp{t) on 
U'{M) for any p G [1, 00]. These semigroups are strongly continuous if p G [1, 00) 
and consistent in the sense that Tp{t)\Lvr]Li = Tq{i)\Lpr]Li ■ 

(2) Furthermore, if p G (l,oo), the semigroup Tp{t) is a bounded analytic semigroup 
with angle of analyticity > | — arctan J^^Z^ . 

For a proof of (1) we refer to [10, Theorem 1.4.1]. For (2) see [29]. In general, the 
semigroup Ti[t) needs not be analytic. However, if M has bounded geometry Ti[t) is 
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analytic in some sector (cf. [35, 9]). 

In the following, we denote by —Am,p the generator of Tp{t) and by a{AM,p) the 
spectrum of Ajv/,p. Furthermore, we will write e~*^'*^'P for the semigroup Tp[t). Because 
of (2) from above, the spectrum a{AM,p) has to be contained in the sector 

{zGC\{O}:|arg(z)|<^-0p}u{O}c 

\zeC\{0} :\ arg(z)| < arctan J^^^^L^L I U {0}. 
I 2Vp - 1 J 

If we identify as usual the dual space ofLP(M),l <p< oo,withLP'(M),i + ^ = l,the 
dual operator of Am,p equals A^./p/ and therefore we always have a{AM,p) = (t{Am,p')- 

2.2 Chaotic semigroups 

There are many different definitions of chaos. We will use the following one which is 
basically an adaption of Devaney's definition [14] to the setting of strongly continuous 
semigroups, cf. [13]. 

Definition 2.1. A strongly continuous semigroup {T{t) : t > 0} on a Banach space B 
is called chaotic if the following two conditions hold: 

(1) There exists an f £ B such that its orbit {T(t)f : t > 0} is dense in B. (Then the 
semigroup is called hypercyclic.) 

(ii) The set of periodic points {f £ B : 3t > such that T[t)f = /} is dense in B. 

Remark 2.2. (1) As with {T{t)f : t > 0} also the set {T{q)f : q G Q>o} is dense, B 
is necessarily separable. 

(2) The orbit of any point T{to)f in a dense orbit {T{t)f : t > 0} is again dense in B. 
Hence, the set of points with a dense orbit is a dense subset of B. 

(3) For a separable Banach space B condition (i) in the definition above is equivalent 
to topological transitivity of the semigroup r(i), which means that for any pair of 
non-empty open subsets U^V <Z B there is a t > with T{t)U n V / 0, cf. [13]. 

(4) If both subsets 

Bo = {feB: T{t)f ^ (t ^ oo)} 

and 

Boo = {f B -.^fe > 03g e B such that ||g|| < e,\\T{t)g - f\ \ < e} 

are dense in B, the semigroup T{t) has dense orbits. However, this condition is not 
necessary, cf. [13]. For a more detailed study of sufficient conditions for a strongly 
continuous semigroups to be hypercyclic we refer to [4, 8, 15, 16, 27, 28]. 
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(5) Hypercyclic semigroups exist only on infinite dimensional Banach spaces. When 
looking at the Jordan canonical form of a bounded operator on a (real or complex) 
finite dimensional Banach space, a proof of this is straightforward, see e.g. [22, 
Proposition 11] . On the other hand, on every infinite dimensional separable Banach 
space exists a hypercyclic semigroup, cf. [5]. 

(6) In Devaney's definition of chaotic dynamical systems it was also required that 
orbits depend sensitively on initial conditions. This property is redundant in this 
setting, see e.g. [3, 20]. 

(7) For results concerning the discrete case we refer to [6, 7, 20, 22, 21]. 

A sufficient condition for a strongly continuous semigroup to be chaotic in terms of 
spectral properties of its generator was given by Desch, Schappacher, and Webb: 

Theorem 2.3 ([13]). Let T{t) denote a strongly continuous semigroup on a separable 
Banach space B with generator A. Assume there is an open, connected subset C apt{A) 
of the point spectrum of A and a function F : Cl ^ B such that 

(i) 

(ii) F(A) G ker{A - A) for allXeQ. 

(iii) For all (j) £ B' in the dual space of B, the mapping F^ : il. ^ C, X (j) o F is 
analytic. Furthermore, if for some (j) £ B' we have F^ = then already = 
holds. 

Then the semigroup T{t) is chaotic. 

In [13] it was also required that the elements F{X), A G Jl, are non-zero, but as 
remarked in [2] this assumption is redundant. 

In order to make this paper more comprehensive, we include the idea of the proof. 

Proof. A major role in the proof is played by the following observation: let U C il. 
be any subset that contains an accumulation point. Then it follows that the subset 
Bu = span{F(A) : A G ?7} is dense in B. Indeed, if we suppose the contrary, by the 
Hahn-Banach Theorem there exists some (p G B' ,(/) ^ 0, such that (p o F{X) = for all 
A G [/. As U contains an accumulation point, it follows from the identity theorem for 
complex analytic functions that Fff, = 0. But this is a contradiction. 
For the subsets Uq = {X € n : Re(A) < 0}, C/oo = {A G 17 : Re(A) > 0}, and Uper = QniQ 
it follows now Buo C Bq, Bu^ C Boo, and Bup.r C {f £ B : 3t > such that T{t)f = /}. 
As all these sets are dense in B, the proof is complete. □ 

In the theory of dynamical systems chaotic semigroups are highly unwanted because 
of their difficult dynamics. Not much more appreciated are so called subspace chaotic 
semigroups. This notion was introduced in [2]: 
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Definition 2.4. A strongly continuous semigroup T(t) on a Banach space B is called 
subspace chaotic if there is a closed, T{t) invariant subspace V 7^ {0} of B such that the 
restriction T{t)\\; is a chaotic semigroup on V. 

Because of Remark 2.2 such a subspace is always infinite dimensional. Banasiak and 
Moszynski showed that a subset of the conditions in Theorem 2.3 yield a sufficient 
condition for subspace chaos: 

Theorem 2.5. ([2, Criterion 3.3]). Let T(t) denote a strongly continuous semigroup 
on a separable Banach space B with generator A. Assume there is an open, connected 
subset C C and a function F : il. ^ B, F ^ 0, such that 

(i) 

(ii) F{X) £ ker{A - A) for allXGQ. 

(iii) For all (j) £ B' in the dual space of B, the mapping F^ : il. ^ C, X (/) o F is 
analytic. 

Then the semigroup T{t) is subspace chaotic. 

Furthermore, the restriction of T{t) to the T(t) invariant subspace V = spanF{Q) is 
chaotic. 

Note that it is not required C apt{A) here, i.e. either F{X) is an eigenvector or 
F(X) = . But, as explained in [2], the assumption O C C is not really weaker. 
Theorem 2.3 and Theorem 2.5 will be important ingredients in the proof of our main 
results in Section 3. 

2.3 Symmetric spaces 

Let X denote a symmetric space of non-compact type. Then G := Isom'^(X) is a 
non-compact, semi-simple Lie group with trivial center that acts transitively on X and 
X = G/K, where K C G is a maximal compact subgroup of G. We denote their 
respective Lie algebras by g and Given a corresponding Cartan involution : g — t- g, 
we obtain the Cartan decomposition g = J © p of g into the eigenspaces of 9. The 
subspace p of g can be identified with the tangent space TexX. We assume that the 
Riemannian metric (•, •) of X in p = T^j^X coincides with the restriction of the Killing 
form B{Y, Z) := tr(ady o adZ),Y, Z G g, to p. 

For any maximal abelian subspace C p we refer to S = S(g, a) as the set of restricted 
roots for the pair (g, a), i.e. S contains all a S 0* \ {0} such that 

g„ := {y G g : ad{H)iY) = a{H)Y for all G 0} / {0}. 

These subspaces g^ / {0} are called root spaces. 

Once a positive Weyl chamber a"*" in a is chosen, we denote by S+ the subset of posi- 
tive roots and by p := ^ ^^g2+(dimgQ,)a half the sum of the positive roots (counted 
according to their multiplicity). 
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A function / : X — )• C is called K-invariant if f{k ■ x) = f{x) for all /c G if, x G X 
holds. As K acts by isometrics on X, the subspace LF^{X) of iC-invariant functions in 
LP{X),p G [1,00), is closed. Furthermore, the closed subspace LF^{X) is invariant un- 
der the action of the semigroup e"*^-^''' (this follows from the G-invariance of the heat 
kernel). As the Laplacian is G-invariant, it follows that the restriction ^~^^^'^\ip (^x) 
of the heat semigroup to LF^{X) is a strongly continuous semigroup with generator 
- ^x,pldom(Ax,p)nL^(x) =• ~^x,p (see [17, Chapter II.2.3]). In the following we will 
therefore write e~^^^'P instead of e~^^x,p\ „ 

To define a very important class of /^-invariant functions, we recall the Iwasawa de- 
composition G = NAK of the semi-simple Lie group G, where A'^ is nilpotent, A an 
abelian subgroup with Lie algebra a, and K the maximal compact subgroup from above. 
More precisely, this means that for each g & G there are unique elements n G A^, a G ^, 
and k £ K such that g = nak = nexp{A{g))k. A spherical function is a A'-invariant 
function of the form 

ifxigK) = [ e^'^+P^^^^'^s^Uk, A G o|.. 
Jk 

Because of the uniqueness of the Iwasawa decomposition it follows that the element 
A{kg) G a is well defined. 

Proposition 2.6. The spherical functions (fx have the following properties: 

(a) G C^{X). 

(b) Axipx = {{X,X) + \\p\\')^x 

(c) Let G{p) denote the convex hull of the points sp £ a* , s £ W , where W denotes the 
Weyl group. Then for p > 2 and any A G 0* -|- i{l — |)C(p) the spherical function 
(fx is contained in L'p[X). 

The proof of (a) and (b) can be found in [24]. For a proof of (c) see [34, Proposition 
2.2] or [18]. 

Taylor also observed in [34, Proposition 2.2] also that from Proposition 2.6 (b) and 
(c) we may conclude that each ipx, A G a* -|- i(l - is an eigenfunction of ^x,p 

for p > 2: From [32, Theorem 3.9] it follows (put v{t,x) = e-^i^^^)+\\p\\^)*ipx) that 



and hence 

Ax,pV^A= ((A,A) + ||p||2) ^x- 
From this observation, we obtain that the interior of the parabolic region 

Pp = \\\pf + z':z£C, |Imz| < • || - 1|| C C. (1) 



6 



L.Ji, A. Weher: Dynamics of the heat semigroup 



is contained in the point spectrum apt{Ax,p) of Ax,p if p > 2. 

Taylor actually proved in [34] that the spectrum a{Ax,p) of Ax,p coincides with Pp for 
all p £ [I, oo). 

Two important tools, that will be used later are the spherical Fourier transform and 
its inversion formula. 

Theorem 2.7. Let p G [1,2],/ G L^(X) and X e a* + i (l - fj C{p). Then 

-^/(A) := / f{x)ip^x{x)dx 
Jx 

exists and the map A i— )• J-f{X) is analytic. 

For the analyticity of A i— )• Tf{X) see [24, Corollary 8.2] where the case is treated. 
The LP inversion formula for the spherical Fourier transform was proved by Stanton and 
Tomas (by c(A) we denote Harish-Chandra's c function): 

Theorem 2.8. [31, Theorem 3.3] Letp€ [1, 2), / G withJ='f e L^(a;, |c(A)|^2^A) 

and let x be in the Lebesgue set of f . Then we have 

fix) = [ Tf{X)ipx{x)\c{X)\-^dX. 

Recall, that a point x G X is said to be contained in the Lebesgue set of / if 
\im \B{x,r)\~' [ \fiy)-fix)\dy^O, 

'^■^0 JB{x,r) 

where B{x, r) denotes the geodesic ball with center x and radius r > 0. As remarked in 
[31], the Lebesgue set of an function has co-measure zero. 

3 Dynamics of the heat semigroup 

Theorem 3.1. Let X = G/I'C denote a symmetric space of non- compact type with rank 
one. 

(a) Let p > 2. Then there is a Cp > such that for all c> Cp the semigroup 

is chaotic. 

(b) Let c G M. Then the semigroup 

is not chaotic. 
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(c) Let 1 < p < 2 and c € M. Then the semigroup 

is not hypercyclic (and therefore in particular not chaotic). 

Proof. For the proof of part (a) we will check the conditions of Theorem 2.3. 
As the rank of X equals one, we have ac — C and this identification will be used in what 
follows. More precisely, any z € C will be identified with A G (and vice versa) where 
X{Hq) = z for the (unique) Hq in with \ \Hq\ \ = 1. 

Let p > 2. As we have seen in Section 2.3, the point spectrum of contains all 
points in the interior of the parabolic region Pp and corresponding eigenfunctions are 
given by certain spherical functions. The apex of the parabolic region Pp is at the point 
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and hence, the point spectrum of (A^^ — c) intersects the imaginary axis for all c > Cp. 
Let us assume in the following c > Cp and let $7 denote the interior of the set 

(Pp-c)\{zGM:z<\\p\\^-c}. 

Then is an open, connected subset of the point spectrum of ( A ^ p ~ c) that intersects 
the imaginary axis and it remains to define an analytic mapping F : Q, ^ L^(X) 
satisfying (iii) of Theorem 2.3. 
For this, we put 

= y^_y ,+,_||,||2 , {z G n), 

where (p-\{gK) = J^^ e^~'^^^P^^^^^^^^ dk denotes the corresponding spherical function and 
an analytic branch of the square root is chosen (such a choice is possible as by construc- 
tion (Q + c - | Ip] p) n M<o = 0). _ 

By the Cartan decomposition G = K exp{a'^)K of the semi-simple Lie group G, the 
closed subspace L^{X) of i^-invariant functions in LP{X) can be identified with L^(o+, d/i), 
where d^ = j^^p^ denotes the Plancherel measure. Hence, the dual space of L^{X) can 
be identified with LP'{a+, d^) ^ lJ(X), ^ + ^ = 1. Let / e L^(X). Then we have 

Ff : n ^ C, z ^ /(x)v3_y^:^^qi^(x)dx 

and Ff is basically the spherical transform of /. More precisely, this means the following. 
The function z i— >• Y^z+~c^^]]p[p maps the set analytically onto the strip 

5p = |z G C : Re(z) > 0, \lmz\ < \\p\\ ■ |^ - 1|| . 
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For any X £ Sp the spherical function ip_x is contained in L^{X) (see Section 2.3) and 
the LP' spherical transform of a function / G L^{X) is given by 

Jx 

Therefore, we have Ff{z) = Tf{y^z + c — and as both maps A i— > J^f{X) and ^ 

are analytic, also Ff is analytic. 

Let us now assume Ff = 0. Hence, the spherical transform of / satisfies J^/(A) = 
for all A G Sp. From the inversion formula by Stanton and Tomas (Theorem 2.8) we 
may conclude / = and the claim in (a) follows. 

The Laplacian Ax, 2 is a selfadjoint operator and hence, o"(A^2) But as the 

intersection of the point spectrum of a generator of a chaotic semigroup with the imag- 
inary axis is always infinite (see [11] and its erratum) part (b) follows. 

For the proof of part (c) we proceed as follows. Let 1 < p < 2 and assume that the 

semigroup e"*'-^^-?"'^^ is hypercyclic. Then, the dual operator (A^^ — c)' = A^^, — c of 
its generator would have empty point spectrum (cf. [13, Theorem 3.3]) - a contradiction. 

□ 

3.1 Higher rank symmetric spaces 

In the higher rank case most parts of the proof of Theorem 3.1, part (a), remain valid 
after some adaption. 

For p > 2 and any A G 0* — ^)C{p) the spherical function ipx is contained in U'{X), 
see Section 2.3. 

We now replace by il', defined as the interior of 

(Pp - c) n {z G C : Im(z) > 0}. 

If we choose the usual analytic branch of the square root, the set Vt' is mapped by 
h{z) = \ \p\\~^ ^ z + c — (analytically) onto the strip 

|z G C : Re(z) > 0,0 < Im(z) < (1 - |)| . 

Hence, the map 

is analytic. Note, that each spherical function ^Ph{z)p^z G O', is contained in U'{X) as 
both and p are contained in the convex set C(p), and therefore h{z)p G a* +i{l — '^)C{p). 

As these spherical functions are eigenfunctions of A^^ all assumptions in Theorem 2.5 
are valid and thus, we have the following: 
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Theorem 3.2. Let X denote a symmetric space of non- compact type and let p > 2. 
Then there is a Cp > such that for any c > Cp the semigroup 

is subspace chaotic. 

Since it is impossible in the higher rank case (for dimensional reasons) to define an 
analytic map from an open subset of O onto a neighborhood of a^^ in a* + i(l — |)C(p), 
we are not able to apply the inversion formula in Theorem 2.8 and therefore this method 

cannot be used to prove that the restriction e^^^l.-) : L^X) ^ L^X) of a shift of 
the heat semigroup to the subspace of if-invariant L^-functions is chaotic. 
From Theorem 3.1 and Theorem 3.2 it immediately follows 

Corollary 3.3. Let X denote a symmetric space of non-compact type and let p > 2. 
Then there is a Cp > such that for any c > Cp the semigroup 

e-ii^x,p~c) . j^p^x) ^ LP{X) 

is subspace chaotic. 

In the rank one case we identified precisely an invariant subspace L^{X) on which 
g-i(Ax, p-c) cliaotic, in the higher rank case we only know that there is an invariant 
subspace of L^{X) on which the respective semigroup is chaotic. However, if X is the 
product of rank one spaces it can be shown that certain shifts of the heat semigroup on 
L^{X),p > 2, at least have dense orbits: 

Proposition 3.4. Let Xi, . . . , X^ denote symmetric spaces of non- compact type with 
rank one, X = Xi x ■ ■ ■ x X^ their Riemannian product, and let p > 2. Then there is a 
Cp > such that for any c > Cp the semigroup 

has dense orbits. 

Proof. We restrict ourselves to the case of two factors X = Xi x X2 ■ The changes below 
for the case k > 2 are obvious. In the proof we basically use a result from [37] where 
also more general results concerning the dynamics of tensor products of semigroups can 
be found. 

Note, that if Xi = Gi/Ki and X2 = G2/K2 we have X = {d x G2)/(Ki x K2). By 
L^{Xi) L^{X2) we denote the (algebraic) tensor product of L^{Xi) and L^{X2). 
For the uniform crossnorm gp on the vector space L^(Xi) (g) L^{X2) as defined in [36, 
Definition 2.3] it follows that the completion L^{Xi)0g^L-^{X2) of the normed space 
(L^(Xi) (8) L-^{X2), gp) coincides with L^{X). This follows exactly as in the proof of 
[36, Lemma 2.4] when observing that the map 

I : (l^(Xi) ® Ll{X2),gp) ^ L^iXi X X2), 

Ei=i fj ® 9j ^ E]=i fj9j 



10 



L.Ji, A. Weher: Dynamics of the heat semigroup 



is isometric with dense image. As the subspace L^{X) of if-invariant functions is closed 
in L^{X), the claim follows. Furthermore, by the arguments in [36] (cf. also [30]) we 
may also conclude that 

e *^-^,P=e ^i'P(g)e 'f2>p. 
By Theorem 3.1 the semigroups 

ri(t) = e-*(^*i--'=^\ ci>cp,i, 

and 

r2(t)=e-*(^*2,p-'^2), C2>Cp,2, 

are chaotic. Hence, it follows from [37, Corollary 2.2] that their tensor product Ti{t) ® 
T2{t) on = L^(Xi)(8)(,pL^(X2) is a strongly continuous semigroup that has dense 

orbits (it is even recurrent hypercyclic). As Ti{t) T2{t) = e~^^^^'P~^\ c = ci + C2, the 
result follows if we put Cp = Cp,i + Cp^2- D 

Corollary 3.5. Let Xi, . . . ^X^ denote symmetric spaces of non- compact type with rank 
one, X = Xi X • • • X Xk their Riemannian product, and let 1 < p < 2. Then 

apt(A#^) = 0. 

This implies in particular that Ax,p has no iC-invariant eigenfunctions in the case 
l<p< 2. 

Proof. For p = 2 this is clearly true as already Ax,2 has no eigenvalues. For 1 < p < 2 
this follows immediately from Proposition 3.4 and the fact that the dual operator of 
the generator of a strongly continuous semigroup with dense orbits has empty point 
spectrum (cf. [13]) when observing that (A^^) = A^^, . □ 

3.2 Comparison with symmetric spaces of euclidean or compact type 

Any globally symmetric space X is the product X = X- x Xq x X^ of a symmetric 
space of non-compact type X_, a euclidean space Xq = M", and a symmetric space of 
compact type X^ which is always compact (see [23] ) . The aim of this section is to show 
that such a chaotic dynamics, as in the setting of symmetric spaces of non-compact type, 
cannot occur in the two other situations. 

Theorem 3.6. Let X = Xq x X+ denote a symmetric space whose factors are a symmet- 
ric space Xq of euclidean type and a symmetric space X^ of compact type ( it is allowed 
that one of the factors is trivial). Then, for any p £ [1, oo) and any c G M the semigroup 

is not subspace chaotic. 
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Proof. The intersection of the point spectrum of the generator of a chaotic semigroup 
with the imaginary axis is always infinite (see [11] and its erratum). Hence, the theorem 
foUows if we can prove cr(Ax,p) C M. To see this, we note that a{Ax,2) = [0, oo) if X is 
a euchdean space and a {Ax ^2) = {Aj € M : j € N} if X is a symmetric space of compact 
type. As the spectrum a{Ax,p) coincides in these cases with the spectrum (see 
e.g. [33]) and as the spectrum cr{AxoxX+,p) of the product Xq x X+ coincides with 
the sum a{AxQ^p) + a{Axj^,p) (see [36, Theorem 2.1]) the result follows. □ 
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